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Let the data be D = (x1, . . . , xn).

σ2 fixed, known
Likelihood:

p(D|µ) ∝ n(x̄,
σ2

n
)

Prior:
π(µ) ∝ n(µ0, σ

2
0)

Posterior:
π(µ|D) ∝ p(D|µ)π(µ) ∝ n(µn, λn),

where

µn =
x̄nλ+ µ0λ0

λn
,

λn = λ0 + nλ, λ0 = σ−20 , λ = nσ−2.

Posterior Predictive:

p(x|D) =

∫
p(x|µ)π(µ|D)dµ = n(x|µn, σ2

n + σ2)

Both µ, λ = σ−2 unknown
Likelihood:

p(xi|µ, λ) ∝ n(µ, λ)

⇒ p(D|µ, λ) ∝ λn/2

(2π)n/2
exp{−λ

2

n∑
i=1

(xi − µ)2}
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Prior:
π(µ, λ) ∼ NG(µ0, k0, α0, β0)

def
= n(µ|µ0, (k0λ)−1)Ga(λ|α0, rate = β0)

Posterior:
π(µ, λ|D) = NG(µ, λ|µn, kn, αn, βn),

where

µn =
k0µ0 + nx̄

k0 + n
, kn = k0 + n, αn = α0 + n/2,

and

βn = β0 + 1/2
n∑
i=1

(xi − x̄)2 +
k0n(x̄− µ0)

2

2(k0 + n)
.

Posterior Predictive:

p(x|D) = t2αn(x|µn,
βn(kn + 1)

αnkn
).

µ known, λ = σ−2 unknown
Likelihood:

p(xi|λ) ∼ n(µ, λ)

⇒ p(D|λ) ∝ λn/2exp{−λ
2

n∑
i=1

(xi − µ)2}

Prior:
π(λ) = Ga(λ|α, β) ∝ λα−1exp{−λβ}

Posterior:
π(λ|D) = Ga(λ|αn, βn),

where

αn = α + n/2, βn = β + 1/2
n∑
i=1

(xi − µ)2

Posterior Predictive:

π(x|D) = t2αn(x|µ, σ2 =
βn
αn

).
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Multivariate µ unknown, Σ known
Likelihood:

p(D|µ,Σ) ∝ n(x̄|µ, 1

n
Σ)

Prior:
π(µ) ∼ n(µ0,Σ0)

Posterior:
π(µ|D,Σ) ∼ n(µn,Σn),

where
µn = Σn(nΣ−1x̄+ Σ−10 µ0), Σn = (Σ−10 + nΣ−1)−1

Posterior Predictive:
π(x|D) = n(x|µn,Σ + Σn).

Standard Distributions
Gamma:

Ga(x|shape = α, rate = β) =
βα

Γ(α)
xα−1exp{−xβ}, x, α, β > 0

Ga(x|shape = α, scale = β) =
1

βαΓ(α)
xα−1exp{−x/β}

Using rate parameterization, mean=α/β, mode=(α−1)/β for α ≥ 1 and variance=α/β2.

If X ∼ Ga(shape = α, rate = β) and Y = 1/X then Y ∼ IG(shape = α, scale =
β), where

IG(x|shape = α, scale = β) =
βα

Γ(α)
x−(α+1)exp{−β/x}, x, α, β > 0,

and mean=β/(α−1), α > 1, mode=β/(α+1), variance=β2/[(α−1)2(α−2)], α > 2.

IG(shape = α, rate = β) =
1

βαΓ(α)
x−(α+1)exp{−1/(βx)}, x, α, β > 0.
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Scaled-Inverse-Chi-Squared distribution:

χ−2(x|ν, σ2) =
1

Γ(ν/2)

(
νσ2

2

)ν/2
x−ν/2−1exp{−νσ

2

2x
}, x > 0

= IG(shape = ν/2, scale = νσ2/2).

Generalized t-Distribution:

tν(x|µ, σ2) = c

[
1 +

1

ν

(
x− µ
σ

)2
](ν+1)/2

, ν > 0, σ2 > 0,

where

c =
Γ(ν/2 + 1/2)

Γ(ν/2)

1√
νπσ

,

mean=µ, ν > 1, mode=µ and variance=νσ2/(ν − 2), ν > 2. If x ∼ tν(µ, σ
2) then

(x− µ)/σ ∼ tν .

It can be shown that the t-distribution is like an infinite sum of Gaussians with
different precisions:

p(x|µ, α, β) =

∫
n(x|µτ−1)Ga(τ |α, rate = β)dτ

= t2α(x|µ, β/α).

Multivariate t-distribution in d-dimensions:

tν(x|µ,Σ) =
Γ(ν/2 + d/2)

Γ(ν/2)

|Σ|−1/2

νd/2πd/2

[
1 +

1

ν
(x− µ)TΣ−1(x− µ)

]−(ν+d)/2
,

where mean=µ, ν > 1, mode=µ and covariance(x) = ν
ν−2Σ, for ν > 2.

If Y ∼ t(µ,Σ, ν) then marginals are Yi ∼ t(µi,Σii, ν) and if Y = (Y1, Y2) then
conditioned distribution is

Y1|y2 ∼ t(µ1|2,Σ1|2, ν + d1),
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where
µ1|2 = µ1 + Σ12Σ

−1
22 (y2 − µ2),

Σ1|2 = h1|2
(
Σ11 − Σ12Σ

−1
22 ΣT

12

)
,

and

h1|2 =
1

ν + d2

[
ν + (y2 − µ2)

TΣ−122 (y2 − µ2)
]
.

We can sample y ∼ t(µ,Σ, ν) by sampling x ∼ t(0, 1, ν) and transforming by
y = µ+RTx where R = chol(Σ) such that RTR = Σ.
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